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0. INTRODUCTION
We are interested in the so-called Weil representations of the finite
Ž ² :.symplectic group Sp s Sp V, , ; here K stands for a finite field of qK
elements and odd characteristic p, and V for a vector space of dimension
² :2n over K endowed with a non-degenerate antisymmetric form , . By
Ž . ² :definition, Sp is the subgroup of GL V that preserves , .
Ž wWeil representations have been the subject of intensive research see 1,
x. Ž3]6, 11, 15 and are receiving considerable attention at the moment see
w x.10, 12, 13 . There are still, however, many points to be investigated. This
article will concentrate on the following:
Ž .1 Weil representations were first explicitly constructed over the
p'Ž . w x w xcyclotomic field Q 1 by Gerardin 3 . Later Gow 4 found their charac-Â
ter fields and Schur indices. It is known, for instance, that some Weil
representations can be realized over Q. There is, however, no indication in
the literature of how to do this. We shall explicitly realize all Weil
Ž .representations over the smallest field possible see Propositions 9 and 10 .
Ž . Ž .2 There is a certain subgroup GSp of GL V , called the group of
symplectic similitudes, that normalizes Sp, and one can use the Clifford
theory to obtain Weil representations of GSp. We shall realize these
Ž .representations over their character fields see Propositions 12]15 .
Ž .3 Among finite irreducible complex linear groups, only those that
Ž .are self-contragredient possess a unique up to scaling non-degenerate
invariant bilinear form, which is symmetric or antisymmetric depending on
whether they can be realized over R or not. We shall explicitly construct
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these forms for the Weil representations of Sp and GSp, whenever
Ž .self-contragredient see Propositions 17 and 18 .
We have deliberately favoured constructive proofs to existence argu-
ments. In regards to linear representations, emphasis has been placed on
matrices and linear transformations rather than modules and characters.
As a result, every proposition asserting the existence of a certain object
can be used as a recipe to construct that object.
1. CONSTRUCTION OF THE WEIL REPRESENTATIONS
1. Definition of the Weil Representations
Weil representations arise from the interplay between Sp and the
Heisenberg group H, upon which Sp acts as a group of automorphisms in
such a way that all irreducible representations T of H of degree ) 1 are
Sp-invariant. A Weil representation of Sp is one that intertwines the
Sp-conjugates of a given T.
In this section we present a method, independent of Gerardin's, toÂ
construct the Weil representations. We first recall the definition of the
Ž ² :.Heisenberg group H associated to the symplectic space V, , , that is,
< qH s c, w c g K , w g V 4Ž .
with multiplication
² :c , w c , w s c q c q w , w , w q w .Ž . Ž . Ž .1 1 2 2 1 2 1 2 1 2
The Heisenberg group is specifically designed to allow for an action of Sp,
namely,
g
c, w s c, gw .Ž . Ž .
We determine next the irreducible representations of H. From the
identities:
² :0, w , 0, w s 2 w , w , 0 ,Ž . Ž . Ž .1 2 1 2
0, w , c, 0 s 0, 0 ,Ž . Ž . Ž .
Ž . Ž . < q4 2 nwe deduce that Z H s H9 s c, 0 c g K . This gives q linear char-
Ž .acters H “ F*, where F s Q z and z is the primitive pth root of unityp p
Ža good deal of what we shall do can also be done when Q is replaced by
.any field of characteristic / 2, p .
To obtain the remaining irreducible representations, we fix, once and
for all, two totally isotropic subspaces, M and N, of V of maximal
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dimension n satisfying M [ N s V. This allows us to introduce the
self-centralizing normal abelian subgroup
< qA s c, u c g K , u g M 1 4Ž . Ž .
Ž . < 4of H. Note that the set 0, ¤ ¤ g N is a transversal for A in H. Given
a non-trivial linear character l: Kq“ F*, we can extend it to a one-
l Ž .dimensional representation r s r : A “ GL Y of A, by declaring:
Y s Fy and r c, u y s l c y. 2Ž . Ž . Ž .
An absolutely irreducible representation of H of degree q n is now
obtained by considering the induced representation T s T l s indH r :A
Ž .H “ GL X , where
X s FH m Y s 0, ¤ m Y .Ž .Ž .[FA
¤gN
T cannot fail to be absolutely irreducible because the entire setup has
been chosen so that the inertia group of r in H is A itself. Thus, by
varying l we obtain all irreducible representations of H of degree ) 1.
Ž .They can be distinguished by their restriction to Z H . Since the action of
Ž . lSp fixes Z H elementwise, T is Sp-invariant.
In accordance with our previous discussion, we define the Weil repre-
sentation of Sp associated to the initial character l to be the representa-
l Ž .tion R s R : Sp “ GL X satisfying
y1 gR g T h R g s T h . 3Ž . Ž . Ž . Ž . Ž .
Corollary 1 below shows that such R exists. Moreover, R is unique
Ž .because if R and R satisfy 3 then R s R m, where m is a linear1 2 1 2
character of Sp, due to the absolute irreducibility of T. Therefore, R s R1 2
w x Žsince Sp is perfect 8, Lemma 4, p. 394 except when K s F and3
Ž . l Ž .dim V s 2; in this case by the Weil representation R of Sp s SL 2, 3K
we shall understand the one defined in Proposition 2 below; most of what
Ž .follows is false for the other two Weil representations of SL 2, 3 associ-
.ated to l .
In view of the given definition of R, a complete understanding of T is
required in order to make progress. For this purpose, we fix, once and for
all, the F-basis
e s 0, ¤ m y 4Ž . Ž . Ž .Ž . ¤gN¤ ¤gN
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Ž .of X, and observe that the action of T on the generators 0, u ,ug M
Ž . Ž . q0, w , and c, 0 of H is given byw g N cg K
T 0, w e s e ,Ž . ¤ ¤qw
² :T 0, u e s l 2 u , ¤ e , 5Ž . Ž . Ž .¤ ¤
T c, 0 e s l c e .Ž . Ž .¤ ¤
2. The Ordinary Nature of the Weil Representation
Explicit instructions to correct a projective representation of Sp satisfy-
Ž . Žing 3 into an ordinary representation are presented below for more on
w x.the subject, see 7 .
We wish to state our result in a broader scenario while keeping the
above setting in mind. Accordingly, we shall suppose that Sp and H are
Ž .now arbitrary finite groups, the Sp acts on H, and that T : H “ GL X is
an Sp-invariant finite-dimensional absolutely irreducible representation of
H over an arbitrary field F. The aim is to construct, if possible, a
representation R of Sp that intertwines the conjugate representations of
Ž .T ; that is, R must satisfy 3 . For this purpose, let us denote by P an
Ž .arbitrary projective representation of Sp satisfying 3 , and suppose that
Ž .there exists 1 / z g Z Sp satisfying:
Ž . Ž .1 P z has at least one eigenvalue in F.
Ž .2 The greatest common divisor of the dimensions of the
Ž .eigenspaces of P z is 1, and either one of the following conditions:
Ž . Ž Ž ..3 tr P z / 0.
Ž . ² : Ž .39 The only group homomorphism Sr z “ Sym m is the trivial
one, where m is the order of z.
Note 1. Conditions 1]3 are independent of the particular choice of P.
Ž .Then, if we denote by X , . . . , X the eigenspaces of P z , by d , . . . , d0 l 0 l
their dimensions, and write the integral linear combination 1 s s d0 0
q ??? qs d , our aim can be achieved as follows:l l
Ž .PROPOSITION 1. The eigenspaces of P z are P-in¤ariant and
ys ys0 lt g s det P g ??? det P g 6Ž . Ž . Ž . Ž .< <Ž . Ž .X X0 l
Ž . Ž . Ž .is a correcting factor for P. In other words, R g s P g t g defines an
Ž .ordinary representation of Sp o¤er F satisfying 3 .
Ž .mProof. The absolute irreducibility of T implies that P z s a , a
Ž . mscalar in F. Thus, if b is one of the eigenvalues of P z then b s a , and
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² : y1 Ž .it follows that T can be extended to H i z by declaring z ‹ b P z .
Let f be the character of this representation and x that of T.
gŽ . Ž g . Ž g .Now for each g g Sp and h g H we have f h s f h s x h s
Ž . g ² :x h . Thus, f s fm for some linear character m: H i z ‹ F* trivial
on H.
We claim that m s 1, so that f g s f. Indeed, if condition 3 holds then
gŽ . Ž g . Ž . gŽ . Ž . Ž .f z s f z s f z / 0, and therefore f z s f z m z forces
Ž .m z s 1, as claimed. On the other hand, if condition 39 holds then
g ² :conjugation f ‹ f defines a representation of Spr z as a group of
² :permutations of the set of characters of H i z that extend x . This set
has at most m elements. Thus, this is the trivial representation, as claimed.
Ž . Ž . Ž . Ž .Our claim readily implies that P g P z s P z P g , and therefore
Ž .each of the eigenspaces X is invariant under P g for all g g Sp. Let fi
be the factor set corresponding to P. Taking determinants in
P g P g s P g g f g , g ,Ž . Ž . Ž . Ž .< < <X X X1 2 1 2 1 2i i i
d i Ž . Ž . Ž . Ž .Ž .we obtain f s d n , where n g s det P g and d n g , g si i < X i 1 2i
Ž . Ž . Ž .y1n g n g n g g . Thus, the factor set of R s Pt is equal toi 1 i 2 i 1 2
ys ys0 ls d q ? ? ? qs d0 0 l lfd t s f d n ??? d nŽ . Ž . Ž .1 l
s s0 ly1 y1d d1 ls f d n ??? f d n s 1.Ž . Ž .Ž . Ž .1 l
We now come back to our original setting and let z s i s y1 be theV
central involution in Sp and P any projective representation of Sp satisfy-
Ž . Ž . Ž .ing 3 . We compute P i and find out that P i e s e for all ¤ g N, up¤ y¤
 4to scaling. If W is any subset of N _ 0 satisfying
 4W l y W s B and W j y W s N _ 0 , 7Ž .
Ž n .then W has q y 1 r2 elements and
e , e q e and e y e 8Ž . Ž . Ž .Ž .0 ¤ y¤ ¤ y¤¤gW ¤gW
Ž .are F-bases for the eigenspaces X and X of P i , corresponding to the0 1
eigenvalues 1 and y1.
Note that X s X [ X and the respective dimensions of X and X0 1 0 1
Ž n . Ž n .are d s q q 1 r2 and d s q y 1 r2. Setting s s 1 and s s y1,0 1 0 1
we obtain the relation 1 s s d q s d . Proposition 1 now gives0 0 1 1
COROLLARY 1. Let P be an arbitrary projecti¤e representation of Sp
Ž . Ž . Ž Ž . .y1Ž Ž . . Ž .satisfying 3 and set t g s det P g det P g . Then R g s< X < X0 1
Ž . Ž . Ž .P g t g defines an ordinary representation of Sp satisfying 3 .
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3. Some Basic Facts about Sp
Before putting Corollary 1 to work, we must first find a projective
Ž .representation P satisfying 3 . Of course, a minimum knowledge of the
Ž w x.structure of Sp will be required for more on the subject, see 2, 8, 9, 14 .
For this purpose, denote by Sp , Sp , and Sp the subgroups of SpM N M , N
respectively preserving M, N, and both M and N. Likewise, SpM and SpN
denote the subgroups of Sp respectively fixing every point of M and N.
 4Let u , . . . , u , ¤ , . . . , ¤ be a symplectic basis of V formed by vectors1 n 1 n
u of M and ¤ of N. Then in the matrix representation Sp of Sp relative toi i
MMthis basis, Sp corresponds to the group Sp of all matrices
1 Sž /0 1
with S symmetric, Sp to the group SpM, N of all matricesM , N
A 0
ty1ž /0 AŽ .
M Ž w x.with A invertible, and Sp to Sp s Sp i Sp see 9, p. 36 .M M , NM N NSimilarly, Sp corresponds to Sp s Sp i Sp , where Sp is the groupN M , NN
of all matrices
1 0ž /S 1
with S symmetric. Note that Sp is conjugate to Sp under u ‹ ¤ ,N M i i
¤ ‹ yu .i i
w xThese matrices are precisely the generators of Sp given in 9, p. 32 .
Thus,
E s Sp j Sp 9Ž .M N
Ž .is a fairly redundant set of generators of Sp, and it is on this set that the
Weil representation R will be explicitly defined.
In the sequel we shall have the opportunity to refer to some linear
characters of Sp , which we proceed to describe. The given matrixM
representation of SpM shows that SpM is generated by the symplectic
tu , c ² :transvections w ‹ w q c w, u u, where 0 / u runs through M, w through
wV, and 0 / c through K. Thus, if we combine the proof of 8, Lemma 4,
x  4p. 394 with the fact that Sp acts transitively on M _ 0 , we obtain thatM , N
the derived subgroup D of Sp contains SpM, unless K s F andM 3
Ž .dim V s 2.K
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On the other hand, the matrix representation of Sp shows that DM , N
 < 4 Žalso contains the derived subgroup g g Sp det g s 1 of Sp seeM , N < N M , N
w x. Ž .8, p. 377 . It follows that, unless K s F and dim V s 2, Sp rD is3 K M
isomorphic to K*, a cyclic group of even order. We have proven
LEMMA 1. There is one, and only one, non-tri¤ial group homomorphism
 4Sp “ C s 1, y1 , namely,M 2
det g 1 if det g is a square in K ,Ž . < Nqy1 r2 < Ng ‹ det g s sŽ .< N ½ž /K y1 otherwise.
The lemma also holds, of course, in the extraordinary case K s F and3
Ž .dim V s 2.K
4. Constructing the Projecti¤e Representation P
In our search for P, it certainly suffices to restrict our attention to the
Ž .generating set E of 9 . This naturally falls into two cases.
g Ž Ž ..Case A. g g Sp . Note that A s A since g preserves M see 1 .M
Thus,
P gŽ .
gX 2 h m y ‹ h m y g X 10Ž .
Ž . Ž .is a well-defined element of GL X , and we readily see that it satisfies 3 .
In particular, if g g SpM then g¤ y ¤ g M for all ¤ g N, and therefore
Ž .10 gives
² :P g e s l g¤ , ¤ e , 11Ž . Ž .Ž .¤ ¤
Ž .while if g g Sp then 10 yieldsM , N
P g e s e . 12Ž . Ž .¤ g ¤
N Ž .Case B. g g Sp . Using 5 and the fact that gu y u g N, we see that,
for each u g M and ¤ , w g N,
T 0, w e s e , T g 0, w e s e ,Ž . Ž .¤ ¤qw ¤ ¤qw
² :T 0, u e s l 2 u , ¤ e ,Ž . Ž .¤ ¤
g ² : ² :T 0, u e s l 2 u , ¤ q u , gu e .Ž . Ž .¤ ¤qŽ g uyu.
Ž . Ž .We claim that 3 for P g is equivalent to
P g e s T 0, ¤ x , 13Ž . Ž . Ž .¤ 0
Ž . gŽ .where 0 / x s P g e is a fixed point of all the T 0, u , u g M. Indeed,0 0
Ž . Ž . Ž .if P g satisfies 3 then P g must commute with all the shift operators
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Ž .T 0, w , w g N. A necessary and sufficient condition for a transformation
Ž . Ž . Ž .to have this property is that P g e s T 0, ¤ P g e for all ¤ g N. Thus,¤ 0
Ž .P g is determined by its value on e , say x / 0. Since0 0
P g T 0, u s T g 0, u P g , 14Ž . Ž . Ž . Ž . Ž .
gŽ .x must be a fixed point of all the T 0, u , u g M. Conversely, if0
Ž . Ž . Ž . Ž .0 / x s P g e is such a fixed point and P g is defined by 13 then 140 0
Ž .holds and P g is invertible. In fact, one verifies directly that, for all
u g M and w g N,
g ² : gT 0, u T 0, w s l 2 u , w T 0, w T 0, u ,Ž . Ž . Ž . Ž . Ž .
Ž . Ž .whence 14 easily follows. Since P g e s x / 0, Schur's lemma implies0 0
Ž .that P g is invertible, as claimed.
Writing x s Ý a e and setting a s 1, the fact that x is a fixed0 w g N w w 0 0
gŽ .point of all the T 0, u forces
² :x s l u , gu e , 15Ž .Ž .Ý0 g uyu
ugD
Ž Ž . .where D is any subspace of M satisfying M s Ker g y 1 l M [ D.
This can also be written as
² g , w :x s l u , w e ,Ž .Ý0 w
Ž .wgIm gy1
where u g , w is any element of M satisfying gu g , w y u g , w s w. Equation
Ž .13 thus gives
² :P g e s l u , gu eŽ . Ž .Ý¤ ¤qŽ g uyu.
ugD
² g , w :s l u , w e . 16Ž . Ž .Ý ¤qw
Ž .wgIm gy1
5. Computing the Correcting Factor t of P
According to Corollary 1,
y1
t g s det P g det P g . 17Ž . Ž . Ž . Ž .< <Ž . Ž .X X0 1
We proceed to determine this scalar. Again, it suffices to restrict our
attention to E.
Ž .Case A. g g Sp . Inspecting 10 , we see thatM
P
Sp 2 g ‹ P g g GL XŽ . Ž .M
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is a group homomorphism. Thus t: Sp “ F* must be a linear character.M
Ž . Ž . Ž . Ž .Writing 11 and 12 in the bases 8 of X and X , the definition 17 of t0 1
 4shows that t: Sp “ 1, y1 ; F*. Thus, by Lemma 1,M
det g < N
t g sŽ . ž /K
if we can show that t is not trivial. This can be accomplished, for instance,
by taking
¡ y1u ‹ b u ,1 1~g s 18Ž .¤ ‹ b¤ ,1 1¢
all other basis elements remain fixed,
 4where u , . . . , u , ¤ , . . . , ¤ is any symplectic basis of V formed by vectors1 n 1 n
u of M and ¤ of N, and b is a non-square in K*.i i
N ÃCase B. 1 / g g Sp . Let N be the group of all linear characters
Ã Ž .N “ F*, and for each m g N set y s Ý m w e . A standard argu-m w g N w
Ž .ment shows that y is an F-basis of X that diagonalizes all theÃm m g N
Ž . Ž .T 0, w . In fact, y diagonalizes any commuting family of operatorsÃm m g N
Ž . Ž . Ž .that contains all the T 0, w ; in particular, y diagonalizes P g .Ãm m g N
Ž . Ž . Ž .Let l be the eigenvalues of P g . From P i y s y andÃm m g N m ym
ÃŽ . Ž . Ž . Ž .P i P g s P g P i it follows that l s l for all m g N, and thereforem ym
Ž .the definition 17 of t says that
t g s ly1 , 19Ž . Ž .0
Ž .where l is the eigenvalue of y s Ý e . Using the definition 16 of0 0 w g N w
Ž . Ž .P g , we discover that P g y s l y forces0 0 0
² :l s l u , gu y u . 20Ž .Ž .Ý0
ugD
 4We proceed to simplify this expression. Let B s u , . . . , u , ¤ , . . . , ¤1 n 1 n
be a symplectic basis of V formed by vectors u of M and ¤ of N. Thei i
matrix of g with respect to B is
1 0
,ž /S 1
where S is a symmetric matrix. Now if
A 0
ty1ž /0 AŽ .
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is the matrix of an element g of Sp then the matrix of g with respect1 M , N
to the symplectic basis g B will be1
1 0
.
tž /A SA 1
Ž . Ž .Thus, g determines a unique symmetric matrix S s S g in M K , upn
to cogredience. We can therefore speak of the rank s G 1 of S and the
discriminant b / 0 of the radical-free part of S as well-defined scalars
Ž w x. w xattached to g in the sense of 14, p. 26 . As explained in 14, p. 24 , it is
possible to choose A so that
AtSA s diag b , 1, . . . , 1 , 0, . . . , 0 . 21Ž .ž /^ ‘ _
s
Ž .Accordingly, the computation of 20 becomes
² :l s l a u q ??? qa u , ba ¤ q ??? qa ¤Ž .Ý0 1 1 s s 1 1 s s
a , . . . , a gK1 s
s l ba 2 q a 2 q ??? qa 2Ž .Ý 1 2 s
a , . . . , a gK1 s
s l ba 2 ??? l a 2Ž . Ž .Ý Ý1 sž / ž /
a gK a gK1 s
b ss l , 22Ž . Ž .Ýž /K
Ž . Ž . Ž 2 .where Ý l denotes the Gaussian sum Ý l s Ý l a , and we havea g K
used the relation
b
l s l 23Ž . Ž . Ž .Ý Ýb ž /K
that connects the Gaussian sums associated to the characters l and l;b
here l denotes the character defined byb
l f s l bf 24Ž . Ž . Ž .b
Ž . Ž .for all b g K* and f g K. Thus, 19 and 22 give
b ys
t g s l .Ž . Ž .Ýž /K
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6. Exhibiting the Weil Representation R
The search for R is finished. The data so far obtained are collected in
Ž w x. lPROPOSITION 2. cf. 3, Theorem 2.4 . The Weil representation R s R
Ž .of Sp is defined as follows on the basis e of X :¤ ¤ g N
det g¡ < N
e if g g Sp ,g ¤ M , Nž /K
M~ ² :l g¤ , ¤ e if g g Sp ,Ž .R g e sŽ . ¤¤
b ys N² :l l u , gu e if g g Sp ,Ž . Ž .Ý Ý ¤qŽ g uyu.¢ž /K ugD
25Ž .
Ž . Ž .where D is defined in 15 , and b and s in 21 .
7. Understanding the Weil Representations
Here we exploit the description of R just obtained to discuss some of its
Ž w x .basic properties cf. 5, Lemmas 13.4 and 13.5 . We start by introducing
the sub-representations R and R of R afforded by the components X0 1 0
and X of X, also referred to as Weil representations.1
PROPOSITION 3. R and R are absolutely irreducible. Moreo¤er, the0 1
restriction of R to Sp is already absolutely irreducible, while that of R to1 M 0
Sp decomposes into the sum of the two absolutely irreducible componentsM
Ž .Fe and span e q e .0 w yw w g N _04
Ž . Ž M .Proof. Use 25 to verify that the commuting ring of R Sp isi
Ž .comprised entirely of diagonal operators, relative to the basis 8 , i s 0, 1.
 4Next use the fact that Sp acts transitively on N _ 0 . Finally, verifyM , N
Nthat any 1 / g g Sp moves the line Fe .0
What is the relationship between the Weil representations Rl, R m
associated to different initial characters l, m: Kq“ F*? To answer this
question, we must first be able to relate l and m themselves. Starting from
n Ž .l, we can construct the q y 1 non-trivial linear characters l of 24 .b
Since this is the total number of such characters, we must have m s l forb
a unique b g K*.
Given k g K*, denote by g the element of Sp defined byk M , N
g u q ¤ s ku q ky1 ¤ , 26Ž . Ž .k
where u g M and ¤ g N. Notice that, as it happens with any g g Sp ,M , N
lŽ .the value R g is independent of l. As it turns out, the elements g playk k
a key role in the answer to our question and in many of its consequences.
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PROPOSITION 4. Let m s l . Then Rl and R m are similar if and only ifb
b 2 m lŽ . s 1. In fact, if b s k then R is the g -conjugate of R , that is, for allkK
g g Sp,
y1l l g mkR g R g R g s R g s R g . 27Ž . Ž . Ž . Ž . Ž . Ž .k k
Moreo¤er, the abo¤e statements also hold for R and R .0 1
Ž . Ž .Proof. Equation 27 can be directly verified using 25 . The corre-
Ž .sponding result for R and R is a consequence of 27 .0 1
bŽ . Ž Ž ..Non-similarity when s y1 can be seen by computing using 25K
the corresponding characters of any symplectic transvection. In this case
Ž .the relation 23 suffices to distinguish between the different character
values.
Consider now the isomorphism
FU 2 b ‹ s g Gal Q z rQ ,Ž .Ž .p b p
where s is defined byb
s z s z b . 28Ž .Ž .b p p
A very important fact, which follows directly from Proposition 2, is
Ž . UPROPOSITION 5. With respect to the basis 4 of X and for any b g F , wep
ha¤e
Rlb s Rsb , 29Ž .
Ž .sb Ž .where R g means s applied to the entries of R g . The same holds for Rb 0
Ž .and R with respect to the bases 8 .1
Propositions 4 and 5 combine to give
Ž . Ž . Ž .PROPOSITION 6. The character fields Q x , Q x , and Q x of R, R ,0 1 0
and R are all equal to1
Q if q is an e¤en power of p ,¡~
y1¢Q p otherwise.'Ž .pž /
2. REALIZING THE WEIL REPRESENTATIONS
OVER ECONOMICAL FIELDS
8. A Realizability Criterion
Ž .Given the definition of R, the cyclotomic field Q z seems to be ap
natural field of realization for R, R , and R , if we think of them as matrix0 1
Ž . Ž .representations with respect to the bases 4 and 8 . In comparison, their
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Ž . Ž .character field Q x is much smaller; nonetheless, little beyond Q x , if
any, is required to explicitly realize them all. This is the content of the
present section.
Our main tools will consist of Propositions 7 and 8 below.
PROPOSITION 7. Let K : F be a finite cyclic Galois extension with Galois
² :group s of order m G 2. Let a g K* and let
0 0 ??? a
1 0 ??? 0
0 1 ??? 0E m , a s 30Ž . Ž .. . .. . .. . . 0
0 0 ??? 0
m Ž .be the companion matrix of the polynomial t y a. Then A g GL m, F and
a g F* satisfy
y1sA A s aE m , aŽ . Ž .
if and only if a is a solution to the norm equation
N x s ay1Ž .Fr K
and
aa s ??? a s
my 2
bs
my 1
??? a bs b0 0 0
. . .. . .AsA b , . . . , b , a s ,Ž .0 my1 . . .
my 2 my1 0s s s saa ??? a b ??? a b bmy 1 my1 my1
31Ž .
 4where b , . . . , b is a basis for R o¤er K.0 my1
Proof. Direct computation.
 4Note 2. From any fixed choices of b , . . . , b and a one can obtain0 my1
Ž .all others by means of GL m, K and Hilbert's theorem 90. In the sequel, a
 4fixed choice of b , . . . , b will always be taken to be a normal basis0 my1
 s 0 s my 14b , . . . , b , for a suitably chosen element b g F*.0 my1 0
Ž . Ž .Note 3. If F s Q z and K s Q x then m s 1 if and only if q is anp
odd power of 3, in which case the Weil representation is already realized
'Ž .over its character field Q y 3 . This trivial case will be ignored in the
present section.
PROPOSITION 8. Let K : F and s be as in Proposition 7. Let S:
Ž .G “ GL r, F be an absolutely irreducible matrix representation of an arbi-
trary group G, and let the character f of S ha¤e ¤alues in K. Then
Ž .A g GL r, F satisfies
AS g Ay1 g GL r , KŽ . Ž .
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for all g g G, if and only if there exists a g F* such that
y1sA A s aL, 32Ž . Ž .
Ž .where L s L is the unique up to scaling matrix satisfyings
LS g Ly1 s Ss gŽ . Ž .
Ž s .for all g g G such an L exists because f s f .
Ž . Ž .Proof. A g GL r, F conjugates S into GL r, K if and only if
sy1 y1AS g A s AS g A for all g g GŽ . Ž .Ž .
if and only if
y1y1 y1s s sS g s A AS g A A for all g g GŽ . Ž . Ž . Ž .Ž .
if and only if
y1sA A s aLŽ .
for some a g F*, as stated.
9. Realizing R o¤er Its Character Field0
PROPOSITION 9. R can be explicitly realized o¤er its character field.0
Proof.
Part 1. Here we identify the main characters of Propositions 7 and 8:
K s Q x , F s Q z , s s s , L s P g ,Ž . Ž .Ž . < X0 p b c 0
where
¡ UF if Q x s Q,Ž .p 0~b generates 2U y1¢ F if Q x s Q p ,Ž . 'Ž . Ž .p 0 pž /
¡p y 1 if Q x s Q,Ž .0~ p y 1m s y1if Q x s Q p ,Ž . 'Ž .¢ 0 pž /2
and
¡ 2F * if m s p y 1,Ž .p~c g p y 1
UF if m sŽ .¢ p 2
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is an element satisfying c2 s b, whose existence is guaranteed by Proposi-
Ž Ž . Ž .tions 4 and 5 in connection to s see 28 and in regards to L see 12 ,
Ž . Ž . Ž ..26 , 27 , and 29 .
Ž .In attempting to solve 32 , it is a good exercise to verify that it is
Ž .possible to explicitly construct a well-ordered set W, - , such that W
Ž . Ž . Ž .satisfies 7 and the appearances of P g and P g with respect toc < X c < X0 1
Ž . Ž Ž ..the ordered bases 8 are the rational canonical forms see 30
1 0 ??? 0
0 E m , 1Ž .
and. .. .. . 0
0 E m , 1Ž .
E m , y1Ž .
. . . 33Ž .. 0E m , y1Ž .
Ž .We shall keep this well-ordered set W, - throughout.
Part 2. In view of Proposition 7 and 8, if
g 0 ??? 0
0 A1A s , 34Ž .. .. .. . 0
0 As
Ž . Ž n .where g g F*, A g GL m, F , and s s q y 1 r2m, then A conjugatesi
ŽŽ n . . Ž s .y1R into GL q q 1 r2, K if and only if g g s a and each A is of0 i
Ž . Ž .the form 31 , for a fixed solution a to the norm equation N x s 1Fr K
 i i 4and some basis b , . . . , b of F over K.0 my1
This gives a host of explicit realizations. In the spirit of Note 2, we
iexhibit the particular fixed choices b s z and a s 1.0 p
10. Realizing R o¤er an Economical Field1
PROPOSITION 10.
Ž . Ž .1 R can be realized o¤er Q x if and only if this is not a real field if1 1
and only if p ’ 3 mod 4 and q is an odd power of p, in which case it can be
done explicitly.
Ž . Ž . Ž .2 If Q x is real then there is a quadratic extension F of Q x1 1 1
such that R can be explicitly realized o¤er F .1 1
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Ž .Proof. 1 We divide the proof into three parts:
Part 1. We agree to the conventions made in Part 1 of Proposition 9 in
Ž .regards to K, F, s , m, b, and c, while setting L s P g . According toc < X1
Ž . Ž .Proposition 8, if R is realizable over Q x then 32 is solvable. Applying1 1
Ž . Ž .32 to itself m times and making use of 33 , we see that
N x s y1 35Ž . Ž .Fr K
Ž .must then be solvable. However, an elementary argument shows that 35
can be solved if and only if p ’ 3 mod 4 and q is an odd power of p, which
Ž .by virtue of Proposition 6 is equivalent to the fact that Q x is not real.1
This proves one half of Statement 1.
Ž .Part 2. If the norm equation 35 is solvable then Propositions 7 and 8
tell us that if
A1
. .A s , 36Ž .. 0As
Ž . Ž n .where A g GL m, F and s s q y 1 r2m, then A conjugates R intoi 1
ŽŽ n . . Ž .GL q y 1 r2, K if and only if each A is of the form 31 , for a fixedi
Ž .solution a to the norm equation N x s y1 and some basisFr K
 i i 4b , . . . , b .0 my1
Part 3. From the family of realizations just obtained we single out, in
the spirit of Note 2, the one corresponding to the particular fixed choices
bi s z and a s y1.0 p
Ž .2 We divide the search for F into two cases.1
Ž .'Case A. p ’ 3 mod 4 and q is an even power of p. Take F s Q y p .1
In the notation of Propositions 7 and 8, set
'K s Q y p , F s Q z , s s s , L s P g ,Ž .Ž . <Ž . Xp b c 1
2 Ž U .2 Ž .where b s c is a generator of F and m s p y 1 r2. The proofs ofp
Parts 2 and 3 of Statement 1 above hold verbatim.
Case B. p ’ 1 mod 4.
'Ž .Subcase B1. q is an odd power of p. Take F s Q y 1 . In the1
notation of Propositions 7 and 8, set
' ''K s Q p , y 1 , F s Q z , y 1 ,Ž . ž /p
z ‹ z b ,p p
s s s s L s P g ,Ž . < Xb c 1½ ' 'y 1 ‹ y 1 ,
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2 Ž U .2 Ž .where b s c is a generator of F and m s p y 1 r2. At this point,p
Ž .we apply Hasse's norm theorem to see that N x s y1 is solvable. WeFr K
can now proceed as in Part 2 of Statement 1 above. This gives a host of
realizations. In the spirit of Note 2, we exhibit the fixed choice bi s z .0 p
'Note 4. a can be taken to be y 1 if p ’ 5 mod 8.
Ž .'Subcase B2. q is an even power of p. Take F s Q y p . In the1
notation of Propositions 7 and 8, set
'' 'K s Q y p , F s Q z , y 1 s Q z , y p ,Ž . ž /ž /p p
z ‹ z b ,p p
s s s s L s P g ,Ž . < Xb c 1½ ' 'y 1 ‹ y y 1 ,
where b s c2 is a generator of FU and m s p y 1. At this point, we applyp
Ž .Hasse's norm theorem to see that N x s y1 is solvable. We can nowFr K
proceed as in Part 2 of Statement 1 above. This gives a host of realizations.
iIn the spirit of Note 2, we exhibit the fixed choice b s z .0 p
3. THE GROUP OF SYMPLECTIC SIMILITUDES
AND ITS WEIL REPRESENTATIONS
11. The Group GSp of Symplectic Similitudes
This group is defined by
< ² : ² :GSps ggGL V ’ kgK* such that g¤ , gw sk ¤ , w ; ¤ , wgV . 4Ž .
Ž .We easily see that Sp is normal in GSp and, in fact, GSp s Sp i B ,k k g K *
Ž .where B u q ¤ s ku q ¤ for all u in M and ¤ in N. For instance,k
Ž .GSp s GL V when V is two-dimensional over K. Of particular interest is
Ž . 2the subgroup HSp s Sp i B . The aim of this section is to applya ag ŽK *.
Clifford theory to obtain Weil representations of GSp and HSp, and
examine their realizability over economical fields.
The following result is a direct consequence of Proposition 2:
BkŽ . Ž y1 .PROPOSITION 11. The conjugate representation R g s R B gBk k
satisfies
R Bk s Rlk
and the same holds for R and R .0 1
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As a result of Propositions 4 and 11, the inertia groups of R, R , and R0 1
in G are all equal to HSp. The main observations to be made in connec-
tion to R and R Bk 2 are
B 2 s k ? 1 g 37Ž . Ž .k V k
and its consequence
R Bk 2 s R gk , 38Ž .
Ž . Bk 2which implies that R g intertwines R and R .k
Thus, in order to extend R and R to HSp, we only need to make sure0 1
Ž . Ž .that R g and R g are suitably adjusted. We are ready to undertake0 k 1 k
the study of
12. The Weil Representations of HSp
PROPOSITION 12.
Ž . l l, b Ž .1 R extends to a representation S of HSp in precisely q y 1 r20 0
ways
¡g ‹ R g ,Ž .0
nl , b ~ kS s 39Ž .0 2 2
2B ‹ R g b k s P g b k ,Ž . Ž . Ž . Ž .< Xk 0 k k¢ 0ž /K
Ž .2where g g Sp, k g K*, and b runs through all the linear characters K* “
Ž .Q z *.Žqy1.r2
Ž . l, b Ž .2 S can be explicitly realized o¤er its character field Q b , x .0 0
y1 k2 2Ž . Ž . Ž . Ž . Ž .3 If s 1 then b k s 1 and b k s are the only two1 y1K K
y1 l, bŽ .choices of b that yield a real character field, whereas if s y1 then S0K
is ne¤er self-contragredient.
Ž .4 By ¤arying l and b we obtain precisely q y 1 non-similar abso-
l, b Ž n .lutely irreducible Weil representations S of HSp of degree q q 1 r2 o¤er0
Ž .Q z , b .p
Proof.
Ž . Ž . l, b Ž .order of Bk 2 Ž .21 By virtue of 38 and S B s 1, 39 does define a0 k
Ž .representation of HSp over Q z , b extending R .p 0
kl, b n 2Ž . Ž . Ž . Ž . Ž . Ž .2 By 37 and 39 , S k ? 1 s b k ? 1 . Thus, the charac-0 V XK
l, b Ž .ter field of S is indeed Q b , x . In the notation of Propositions 7 and0 0
8, set
z ‹ z b ,p p
K s Q x , b , F s Q z , b , s s s sŽ . Ž .0 p b 2 2½ b k ‹ b k ,Ž . Ž .
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where b, c, m, and L are as in Part 1 of Proposition 9. With these
conventions, the proof of Part 2 of Proposition 9 applies verbatim.
Ž . Ž .3 and 4 are clear.
Unlike R , the Schur index of all Sl, b is always 1, as shown below.1 1
PROPOSITION 13. Let k be a generator of K*. Then
Ž . l l, b Ž .1 R extends to a representation S of HSp in precisely q y 1 r21 1
ways
g ‹ R g ,Ž .1l , bS s 40Ž .1 2½ 2 tB ‹ P g z b k ,Ž . Ž .< Xk k 21
where g g Sp, t is the highest power of 2 that di¤ides q y 1, and b runs
Ž .2 Ž .through all the linear characters K* “ Q z *.Žqy1.r2
Ž . l, b2 S can be explicitly realized o¤er its character field1
Ž Ž 2 . .tQ z b k , x .2 1
Ž .3 By ¤arying l and b we obtain precisely q y 1 non-similar abso-
l, b Ž n .lutely irreducible representations S of HSp of degree q y 1 r2 o¤er1
Ž Ž 2 ..tQ z , z b k , none of which is self-contragredient.p 2
Ž .Proof. 1 Argue as in Proposition 12, noting that
Ž . Ž .qy1 r2 qy1 r22 Žqy1.r2 2
t Žqy1.r2 tP g z b k s P g z b kŽ . Ž . Ž . Ž .< <Ž .X Xk 2 k 21 1
s P g ? y1 ? 1 s 1 .Ž . Ž .< Xy1 < X1 1
Ž .2 Reason as in Proposition 12 to see that the character field of
l, b Ž .tS is indeed Q z b , x . In the notation of Propositions 7 and 8, set2 1
Ž .L s P g ,c < X1
K s Q x , z t b k 2 , F s Q z , z t b k 2 ,Ž . Ž .Ž . Ž .1 2 p 2
z ‹ z b ,p p
s s s sb 2 2½ t tz b k ‹ z b k ,Ž . Ž .2 2
where b, c, and m are as in Part 1 of Proposition 9. With these conven-
tions, the proof of Part 2 of Proposition 10 applies verbatim, while in
Ž Ž 2 ..Žqy1.r2 m ŽtPart 3 a s y1 is to be replaced by a s z b k which is a2
Ž . .solution to N x s y1 .Fr K
Ž .3 Clear.
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13. The Weil Representations of GSp
Consider the induced representations T l, b of GSp defined by T l, b si i
indGSp Sl, b, i s 0, 1. A representation space for T l, b is naturally affordedHSp i i
by
Y s X [ B X , 41Ž .i i d i
where d is a non-square in K*. As a basis for Y we shall take0
e , e q e , eX , eX q eX , 42Ž . Ž . Ž .Ž .Ž . Ž .¤g W , - ¤g W , -0 ¤ y¤ 0 ¤ y¤
where xX s B x for all x g X . Similarly, a basis for Y is given by0 b 0 0 0 1
e y e , eX y eX .Ž . Ž .Ž .Ž . Ž .¤g W , - ¤g W , -¤ y¤ ¤ y¤
PROPOSITION 14.
Ž . l, b l9, b 9 Ž .1 T , T if and only if b s b9, thus yielding q y 1 r20 0
similarity classes of absolutely irreducible Weil representations of GSp of
degree q n q 1.
Ž . l, b Ž .2 The character field of T is Q b .0
Ž . l, b3 T can be explicitly realized o¤er its character field.0
y1Ž . Ž .4 If s 1 then b and b are the only two choices of b that1 y1K
y1Ž .yield a real character field, whereas if s y1 the only choiceK
is b .1
Proof.
Ž . l, b1 This follows from Proposition 12 and the definition of T ,0
while Statement 2 is a consequence of Statement 1.
Ž .3 We divide the proof into two cases.
l, b Ž .Case A. The character field of S is Q b . Apply Proposition 12 to0
l, b Ž . Ž .explicitly realize S over Q b with respect to the basis 8 . This yields0
l, b Ž . Ž .an explicit realization of T over Q b with respect to the basis 42 .0
y1l, b Ž .Case B. The character field of S is Q b , p . Set'Ž .0 p
T s T l, b , S s Sl, b , F s Q b , z ,Ž .0 0 0 0 p
y1
K s Q b , p , K s Q bŽ .1 (ž /ž /p
and also
z ‹ z c ,p pU y1d s generator of F , c s d , s s s sp c 2 2½ b k ‹ b k ,Ž . Ž .
s s s 2 , L s P g ,Ž . < X1 1 c 0
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Ž .where, accordingly, m s p y 1, m s p y 1 r2. By virtue of Propositions1
Ž .11 and 5, the matrix representation of T with respect to the basis 42 is0
given by
S g 0Ž .0
T g s , g g HSp, 43Ž . Ž .0 sž /0 S gŽ .0
y1 2
20 S BŽ . 0 L b dŽ .0 d 1T B s s . 44Ž . Ž .0 d ž / ž /1 0 1 0
Ž 2 . Ž py1.r2 Ž .Set a s b c . Since a s b 1 s 1, the element a has norm 11 1 1
in the cyclic extension FrK . Thus, by Hilbert's theorem 90, there exists a1
Ž s1.y1g g F such that g g s a , and we can define1 1 1 1
g 0 ??? 01
10 A1nGL q q 1 r2, F 2 A s , 45Ž . Ž .Ž . 1 . .. .. . 0s0 A1
Ž n . i Ž .where s s q y 1 r2m and each A is of the form 31 , for the fixed1 1
Ž .solution a to the norm equation N x s 1 and some basis1 Fr K 1
 i i 4b , . . . , b . Given the choice of A , g , and a , Proposition 7 tells us0 m y1 1 1 11
that
y1s 21A A s b c L 46Ž . Ž .Ž .1 1 1
and therefore Proposition 8 guarantees that A conjugates S into1 0
ŽŽ n . .GL q q 1 r2, K .1
Next set
A 01
A9 s
sž /0 A1
Ž . Ž .and conjugate the representation given in 43 and 44 by A9, obtaining
the matrix representation T :0
y1A S g A 0Ž .1 0 1
T g s ,Ž .0 sy1 00 A S g AŽ .Ž .1 0 1
47Ž .
sy1 2 y10 A L b d AŽ . Ž .1 1 1
T B s .Ž .0 d
s y1 0A A 01 1
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We claim that
0 1
L9 s ž /1 0
s Ž .conjugates T into T . This is clear in regards to 47 , because s has order0 0
Ž .2 as an automorphism of K . On the other hand, because of 46 ,1
s y10 A A1 1L9
T B sŽ .0 d sy1 2 y1 0A L b d A 0Ž . Ž .1 1 1
is, in fact, equal to
2ss y1 2 y10 A L b d AŽ . Ž .1 1 1s
T B s ,Ž .0 d s2s y1 0A A 0Ž .1 1
as claimed.
Ž .Finally, let C be the matrix of change of basis from 42 to
e , eX , e q e , eX q eX .Ž .Ž .Ž .¤g w , -0 0 ¤ y¤ ¤ y¤
Ž Ž ..We easily derive the equation see 30
E 2, 1Ž .
.y1 .CL9C s L s .. 0E 2, 1Ž .
Since C is s-invariant, the equation TL9 s Ts gets transformed into0 0
T L s T s, 48Ž .0 0
C Ž .where T s T . We can now apply Propositions 7 and 8 to 48 and0 0
conclude that, if
AY1
. .A0 s , 49Ž ..
Y 0nAŽq q1.r2
Y Ž s1. ŽŽ n . .where A g GL 2, F , then A0 conjugates T into GL q q 1 r2, K ifi 0
Y Ž .and only if each A is of the form 31 , for a fixed solution a to the normi
Ž . Ž i . Ž i . 4 s1equation N x s 1 and some basis b 0, b 0 of F s K over K.K r K 0 1 11
Thus, for A9 and A0 as above, A s A0 CA9 conjugates T into0
ŽŽ n . .GL q q 1 r2, K , as required. This gives a host of explicit realizations.
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In the spirit of Note 2, we exhibit the particular fixed choices a s 1
Ž .py1 r2i i'Ž . Ž . Ž .b 0 s 1 q y1 p , in 49 and b s z in 45 .Ž .0 0 p
Ž .4 Clear.
Note 5. The only non-constructive step in the above proof is the use of
Hilbert's theorem 90 in connection with g .1
PROPOSITION 15.
Ž . l, b l9, b 9 Ž .1 T , T if and only if b s b9, thus yielding q y 1 r21 1
similarity classes of absolutely irreducible Weil representations of G of degree
q n y 1.
Ž . l, b Ž Ž 2 ..t2 The character field of T is Q z b k , where k is a generator1 2
of K*.
Ž . l, b Ž Ž 2 ..t3 T can be explicitly realized o¤er Q z b k .1 2
y1Ž . Ž .4 If s y1 then b is the only choice of b that yields a1K
y1 l, bŽ .real character field, whereas if s 1 then T is ne¤er self-contra-1K
gredient.
Proof. We reason precisely as in Proposition 14 mutatis mutandis. The
most important change to be made is
a s z t b c2 ,Ž .1 2
which has norm equal to
N a s a Ž py1.r2 s z tŽ py1.r2 ? 1 s y1Ž .Fr K 1 2
because t is the highest power of 2 that divides both p y 1 and q y 1,
Ž .whenever q is an odd power of p as it happens in Case B .
Note 6. The above proof is entirely constructive. Hilbert's theorem 90
is not required in this case.
4. INVARIANT BILINEAR FORMS
14.
The present section describes the invariant bilinear forms corresponding
to the Weil representations of Sp, HSp, and GSp, when these representa-
Žtions are self-contragredient this information can be found in Proposi-
.tions 6 and 12]15 . The main observation to be made in this respect is
PROPOSITION 16. R is a unitary representation; that is, with respect to the
Ž .basis 4
y1 tR g s R g .Ž . Ž .
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Proof. A direct application of Propositions 2 and 5 gives
t sy1 l y1y1R g s R g s R g s R g , 50Ž . Ž . Ž . Ž . Ž .Ž .
as required.
Finding an Sp-invariant bilinear form B on X amounts to solving the
equivalent systems of equations:
tt y1y1R g BR g s B and BR g B s R g ,Ž . Ž . Ž . Ž .Ž .
Ž .g g Sp. In view of 50 and Proposition 4, this matter is already solved, as
follows:
PROPOSITION 17.
Ž .1 R, R , and R possess an in¤ariant bilinear form if and only if0 1
y1 2Ž . s 1. If k s y1 then one such B for R is gi¤en byK
1 if w s k¤ ,
B e , e sŽ .w ¤ ½ 0 otherwise
for all ¤ , w g N. The corresponding forms B s B and B s B for R0 < X 1 < X 00 1
and R are symmetric and antisymmetric, respecti¤ely.1
y1l, bŽ . Ž .2 S possesses an in¤ariant bilinear form if and only if s 10 K
and b s b , b . One such form is B .1 y1 0
Ž . l, b3 S does not possess an in¤ariant bilinear form.1
With this material in hand, it is an easy matter to verify that
PROPOSITION 18.
Ž . l, b1 T possesses an in¤ariant bilinear form if and only if0
y1 y1
s 1 and b s b , b or s y1 and b s b .1 y1 1ž / ž /K K
y1l, bŽ . Ž .2 T possesses an in¤ariant bilinear form if and only if s y11 K
and b s b .1
y1Ž . Ž .3 If s 1 then the symmetric bilinear form D , which is equal to0K
Ž Ž .. Ž . l, b1B on both X and B X see 41 and satisfies D X , B X s 0, is T0 0 d 0 0 0 d 0 0
and T l, by1-in¤ariant.0
y1Ž . Ž .4 If s y1 then the symmetric bilinear form E defined oniK
Y s X [ B X byi i y1 i
E x , B y s E B y , x s d ,Ž . Ž .i i y1 i i y1 i i x yi i
E x , y s E B x , B y s 0, x , y g X ,Ž . Ž .i i i i y1 i y1 i i i i
is T l, b1-in¤ariant for i s 0, 1.i
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